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All one-loop renormalization constants for Non-Abelian gauge theory are computed in details 
by using the symmetry-preserving Loop Regularization method proposed in [J, Q]. The resulting 
^— ■») , renormalization constants are manifestly shown to satisfy Ward- Takahaski-Slavnov- Taylor identities, 



/—^ . and lead to the well-known one loop /3 function for Non-Abelian gauge theory of QCD01. The 

' loop regularization method is realized in the dimension of original field theories, it maintains not 

\ only symmetries but also divergent behaviors of original field theories with the introduction of two 

^ , energy scales. Such two scales play the roles of characterizing and sliding energy scales as well 

^ ' as ultraviolet and infrared cutoff energy scales. An explicit Check of those identities provides a 
clear demonstration how the symmetry-preserving Loop Regularization method can consistently be 

\l , applied to non-Abelian gauge theories. 
CN . 

■ PACS numbers; ll.lO.Gh, 11.15.-q, ll.15.Bt 

I ■ I. INTRODUCTION 

^: 

, It is known that quantum field theories (QFTs) can not be defined by the straightforward perturbative expansion 
because of the ultraviolet (UV) divergences. In order to make meaningful for QFTs, it is necessary to remove 

] infinities from perturbative calculations by renormalizing the fields, masses, and coupling constants. A successful 

>^ . renormalization of QFT was firstly realized in 1940s by TomonagaQ, SchwingerQ, FeynmanQ and DysonQ for the 

^\ ' case of QED, while it took until the early of 1970s when WilsonQ gave it full physical meaning on QFTs. 

, The first step before renormalization is to modify the behavior of field theory at very large momentum so that all 

' Feynman diagrams become well-defined finite quantities. This procedure is usually called regularization. The most 
important properties needed for a good regularization method are that it must preserve all symmetries of original field 

T-H ■ theories and meantime maintain the divergent behavior of original Feynman integrals. In fact, many regularization and 

I renormalization methods have been proposed in the last several decades such as: cut-off regularization [9|, Pauli-Villars 

i regularizationfl^ , Schwinger's proper time regularization[ll| , dimensional regularization [l3| , lattice regularization . 

' constrained differential renormalization 14 1 and so on. As discussed inP,[3|, each of them has its advantage in applying 



X 
J3 



to different situations. Up to now, there exists no single regularization which is suitable to all purposes in QFTs. 
In refs.P, a new symmetry-preserving loop regularization(LR) was introduced to meet the request mentioned 
above. The key concept in such a new regularization method is the introduction of irreducible loop integrals(ILIs) 
[l|, 0] which are evaluated from Feynman integrals. The gauge symmetry requires a set of necessary and sufficient 
conditions called consistency conditions [l| which are held between the regularized tensor type ILIs and scalar type 
ILIs. The loop regularization method was realized to satisfy those consistency conditions [l|, in the existence of 
two energy scales. We shall give a brief introduction for the loop regularization below. For more details on the loop 
regularization including motivations and concrete computation methods as well as general properties, we refer the 
original papers[l|,[3| to readers. Some interesting applications of this new method have been investigated in p^. [l6l. [l7| . 

This paper is devoted to explicitly demonstrate how the loop regularization preserves non-Abelian gauge symmetry 
by evaluating all the renormalization constants at one loop level and verifying the Ward- Takahaski-Slavnov- Taylor 
identities among the renormalization constants. The paper is organized as follows: in section II, we shape the 
gauge symmetry into the well-known Ward- Takahaski-Slavnov- Taylor identities, and give the conditions that the 
renormalization constants must satisfy. In section III, we brieffy outline the LR method. In section IV, we explicitly 
evaluate all the one-loop divergent Feynman diagrams to yield all the renormalization constants of non-Abelian gauge 
theory by using the loop regularization method, and derive the well-known /3 function^ once checking manifestly 
the Ward- Takahaski-Slavnov- Taylor identities among the obtained renormalization constants. The results are found 
to be consistent with those obtained via the dimensional regularization as the quadratic divergent parts cancel each 
other due to gauge symmetry. The conclusions and remarks are presented in the last section. 
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II. RENORMALIZATION OF GAUGE THEORY AND WARD-TAKAHASKI-SLAVNOV-TAYLOR 

IDENTITIES 

The lagrangian of gauge theory with Dhac spmor fields V'n (ji — 1, ...,Nf) interacting with gauge field (a = 
1, ...,dG) is: 



where: 



(1) 



(2) 
(3) 



According to the Faddeev-Popov[18j quantization method, some ghost fields are necessary to be introduced when 
fixing a gauge. In the covariant gauge, the lagrangian has the following form: 



+5Vin7;.^"^7^>n - \9.r^'{^^.Al - d,^A''^)A"^A--' + -^g^ r''^ r''-A^^AlA''^^A- 



+g^^''^^'c'' A'^c" 



(4) 



The corresponding Feynman Rules for this lagrangian are presented in App.B. All one loop Feynman diagrams are 
shown below (for simplicity, the permutation graphs are omitted): 




(la) 



(16) 




(2) 



(3) 
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(7d) 



(7e) 



Fig.l. 

Though all loop diagrams contain divergent integrals, it was proved that gauge theories are renormalizablefiol [20l. 
[2ll. [2^. [23I . To remove the divergence, it is necessary to renormalize the theory by rescaling the fields and redefining 
the masses and coupling constant. This procedure is equivalent to the introduction of some counterterms to the 
Lagrangian 



a\2-\ 



SC = [{Z2 - l)^niYd^_,1pn - {z2Zm " l)m-0„V'«] + (^3 " 

- l)]^gP'"'[d^,Al - dvA'DA^t'A'''' + (z4 - l)^g'^P^T'^''AlAlA'^^'A'' 
+ - l)gf''^''^^'(fAlc^ 



(5) 



where zi,---,Z4 are the so-called renormalization constants. They are not independent and must satisfy the re- 
lations called Slavnov- Taylor identities [24] which are the generalization of the usual Ward-Takahaski identities. 
Those identities are actually consequence of the gauge symmetry. To obtain the relations, one can make the BRST 
transformation [2^ which leads to some identities for the generating functional. Then performing a Lengendre trans- 
formation we obtained the identities for the IPI generating functional. Taking the functional derivatives of the IPI 
generating functional, one arrives at the relations between the IPI Green functions. Those relations are the strict 
restriction of the solution of the gauge symmetry. As a consequence, the renormalization constants should satisfy the 
following identities |26|: 



ZlF 

1/2 
Z' Z2 



Zl 



1/2 ~ 
ZJ Z-i 



Zl 
'i/2 



1/2 
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(6) 



There is a more intuitive method to yield the relations among the renormalization constants. In fact, the gauge 
independence and the unitarity of the renormalized S matrix require that the gauge symmetry must be maintained after 
renormalization^27], which means that the renormalization constants of g obtained from each vertex renormalization 
must be the same. From such a requirement, one can arrive at above identities. The two-, three- and four-point 
renormalization constants were evaluated in refs.jsol. Isij] by using the dimensional regularization. For completeness, 
we shall perform in this note a detailed calculation for all two-, three- and four-point renormalization constants by 
using the loop regularization method. As our calculations for the renormalization constants are carried out only at 
one loop level, which does not involve the renormalization scheme dependence, so we shall not discuss in this note 
the relevant issues. A detailed discussion on the renormalization scheme prescription in loop regularization will be 
considered elsewhere. 
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III. BRIEF INTRODUCTION TO LOOP REGULARIZATION METHOD 



In this section we shall briefly introduce the loop regularization method. For our current consideration, we demon- 
strate only the one loop case. The key concept of the loop regularization is the introduction of irreducible loop integrals 
(ILIs). It has been shown inP, '2l| that by adopting the Feynman parameterization method with appropriately shifting 
the integration variables, all one loop Feynman integrals can be expressed in terms of the following 1-fold ILIs: 



I-2a — 



d'^k 1 
(27r)4 (fc2 _ M2)2+" ■ 



-2a fib'pa 



d k k jj^ki/kpk fj 
(27r)4 (fc2 _ M2)4+" 



Here is in general a function of the external momenta pi, the masses of particles rrii and the Feynman parameters. 
Where I2 and Iq are corresponding to the quadratic and logarithmic divergent integrals. 

To maintain the gauge invariance, the regularized 1-fold ILIs should satisfy a set of consistency conditions P, 



^Op-v ~ '^9pv -^(fi ^opupa — ';^{9pv9p<T ~^ 9pp9i'<y ~'<~ 9p<t9pv) ■ (^) 

where the superscript "R" denotes the regularized ILIs. 

A simple prescription of loop regularization [l|, 0] was realized to ensure the above consistency conditions. The 
procedure is: Rotating to the four dimensional Euclidean space of momentum, replacing in the ILIs the loop integrating 
variable and the loop integrating measure / d'^k by the corresponding regularized ones [fc^]; and /[d'^fc];: 

[k\ EE fc2 + Af2 ^ 

d'^k ^ / [d'^k]i = lim Vcf / d'^k (9) 



N 



where {I = 0,1, ■ ■ •) may be regarded as the mass factors of loop regulators. If there is no IR divergence in the 
integrals, one can take the inil 
(l = 1,2, ■ ■ ■ ). For IR divergei 
space-time are then given by: 



integrals, one can take the initial conditions Mq = and Cq = 1 to recover the original integrals in the limit oo 
{I = 1,2, ■ ■ ■ ). For IR divergent integrals, one may set Mq = fij. to regularize it. The regularized ILIs in the Euclidean 



tR 

^-2a 



z(~l)" hm Yc^fAl 



^ " d^fc 1 



N „ ,4 



' 1=0 
N 



d k k kjj 



'1=0 ^ 



d k k jj^ki/k pkfj 



(27r)4 (fc2 + M2 Af2)4+a 

The coefficients cf are chosen to satisfy the following conditions: 

N 

limJ]cf(Aff)" = (n = 0,l,...) (11) 

One can easily verify that the following set is the simplest solution of the above conditions: 

Mf=^il + lMl, cr^(-l)' ^^^-^,^, (12) 

Here Mr may be regarded as a basic mass scale of loop regulator and the notation lim^ j^q stands for the limit 
limjv.M^^oo- It has been shown in [3] that the above regularization prescription can be understood in terms of 



6 



Schwinger proper time formulation with an appropriate regulating distribution function. Note that the loop regular- 
ization is different from the Pauli-Villars regularization in which the regularization prescription is realized through 
introducing super heavy particles, so that the Pauli-Villars regularization cannot directly be applied to non-Abelian 
gauge theories. Unlike the Pauli-Villars regularization, the loop regularization is applicable to non-Abelian gauge 
theories via above regularization prescription on the ILIs. 

With the siniple solution for Mf and in above equation, the regularized ILIs Iq and can be evaluated 
explicitly as [HQ: 



lo = T7^[^^-T-7- + yo(TW)] (13) 



with fM^ = + A'P, and 



AT N 

-f^ = lim{ J2 In / + ln[ ^ cf Hn Z ] } = 7£; = 0.5772 • ■ • , 

1=1 1=1 

yo{x) = / da , yi{x) = 

Jo X 

y2{x) ^ yo{x) - yi{x), lim 0, z = 0, 1, 2 (14) 

N 

= lim Miy^ cf(l\nl) = lim Ml/\nN 

N,Mr 7^ N,Mr 

(15) 

By comparing the above results with the ones obtained by naive cutoff regularizaton, it is easily seen that the /is sets 
an IR 'cutoff' at A'P = and Mc provides an UV 'cutoff'. For renormalizable quantum field theories, Mc can be 
taken to be infinity (Mc — * oo). In a theory without infrared divergence, /i^ can safely run to /is = 0. Actually, in 
the case that Mc oo and /Xs = 0, one recovers the initial integral. Also once Mji and N are taken to be infinity, 
the regularized theory becomes independent of the regularization prescription. These are main properties needed for 
a proper regularization. For a detailed description and an explicit treatment for higher loop Feynman integrals, it is 
referred to the original paper on loop regularization 0, Note that to evaluate the ILIs, the algebraic computing 
for multi 7 matrices involving loop momentum ^ such as J^jfj,)^ should be carried out to be expressed in terms of the 
independent components: 7^, a^^, 757^1, 75- 

It is known that in all the regularization schemes, there is an important issue that for a divergent integral it is in 
general not appropriate to shift the integration variable. In the loop regularization method we have actually shifted 
the integration variables before taking the regularization prescription, one may doubt wether such a treatment is well 
justified. The answer is yes. In fact, we can take the loop regularization prescription before shifting the integration 
variables, and the results are the same as what we get when shifting the integration variables first. For an illustration, 
let us examine a simple logarithmic divergent Feynman integral: 

" J (27r)4 fc2 - (fc - p)2 - mi ^ ' 

Following the standard process of the loop regularization method, the first step is to apply the general Feynman 
parameter formula 



r(ai 



i"^a2^---an" r(Q!i) • • • r(a„) Jq jq jq 



1 pXl 

dxi I dx2 ■ ■ ■ dXn-l 



Q2— 1 ^"n— 1 

(17) 



[ai(l - xi) + a2(xi - a;2) + • • ■ + a„x„_i]"i+-+"" 
to the Feyman integral. For the above Feynman integral, we then obtain the following integral 



271-)'^ 7o {{I - x){k^ - m\) + x[{k - pf - ml]Y 
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d^k , 1 
dx- 



(27r)4 {{k - xpf - [(1 - x)ml + xml - x{l - x)p'^]Y 
^ f _d^ 1 

with = (1 — x)m\ + xm\ — x{l — x)p^ . When shifting the integration variable, we arrive at the standard scalar 
type ILI 

By making Wick rotation and applying the loop regularization prescription to such an integral, we then obtain the 
regularized Feynman integral 



L^ = i t dx hm Ycf [ ^ 
Jo ^.Mf^ J (27r, 



(20) 



Alternatively, one can also apply for the regularization prescription before shifting the integration variable, i.e., 
{k — xp^ {k — xpY + Mf, we then have 

^ f d'^k 1 
= ' N% ^ J [{k-xpy+M^ + M^y ^^^^ 

which becomes a well defined integral, so that we can safely shift the integration variable: 

/■^ JL r d^k 1 

L'«= / dx lim Ycf" / -^-^ J ^=L'' (22) 

Jo N'M^^^ ' J (27r)4 (A;2 + M2 + M2)2 ^ ' 

which explicitly shown that in loop regularization method, one can safely shift the integration variables and express 
all the Feynman integrals in terms of ILIs before applying for the regularization prescription. In fact, it was found 
from the calculation of triangle anomaly that even for the linear divergent integral, only when firstly making a shift 
of integral variable, which then allows one to eliminate the ambiguities and leads to a consistent result. The reason 
is simple that loop regularization is translational invariant. 

IV. CHECKING WARD-TAKAHASKI-SLAVNOV-TAYLOR IDENTITIES WITH EXPLICIT 
CALCULATIONS OF RENORMALIZATION CONSTANTS AND /3 FUNCTION 

With the above analyzes, we are in the position to calculate the renormalization constants of Non-Abelian gauge 

theory at one loop level by using the loop regularization method. More details can be found in Appendix C where we 
evaluate all the one- loop divergent diagrams in terms of the explicit forms of ILIs. 

A. Renormalization constant for fermion fields strength 

As there is only one diagram which contributes the one-loop renormalization for the fermion fields strength, the 
divergent part of this diagram has been evaluated in detail in the Appendix C and explicitly given in terms of the 
ILIs. Here we only write down the regularized divergent part for the purpose of defining the relevant renormalization 
constant 



Li2)div = {-9^C2) [ dxi{[xi{3xi - 4) (^ - 1) - 2xi]^ + [2xi{^ - 1) + 4]m}I^ 
Jo 



(23) 



The explicit form of /(f is given in loop regularization by the following form 



^° = 16^[^"7#-^-+2/o(^)] (24) 
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The next step is to introduce appropriate renormalization conditions to make a suitable subtraction. Namely we shall 
find a prescription to divide the Feynman integral into divergent part and finite part, and cancel the divergent part by 
the counterterms. Such a prescription will fix the renormalization constants uniquely. Many different ways to introduce 
the renormalization conditions have been put forward in literature, they are referred as various renormalization 
schemes, such as: On-Shell renormalization scheme. Momentum Subtraction scheme. Minimal Subtraction scheme, and 
so on. Different renormalization schemes will lead to different definitions of the renormalized parameters. Nevertheless, 
the physics content of the theory, i.e. the renormalized S matrix elements, should not depend on the choices of 
renormalization schemes [28|. 

As is well-known, no matter under which renormalization schemes, it is inevitable to involve a mass dimensional 
parameter into the original theory, even though the original theory contains only dimensionless parameters. For 
example, in Momentum Subtraction scheme, one needs set the reference momentum point for subtraction, and in 
Minimal Subtraction scheme one has to introduce a mass dimensional parameter /i. In fact, this is the essential 
reason of the dimension transmutation '^o']. Any choice for the involved parameter is as good as any other, the physics 
should be invariant under the transformations which merely change this parameter. This is actually the consequence 
of renormalization group. Such a mass dimensional parameter plays the role of physically interesting sliding energy 
scale. 

To remove the infinities, it needs to specify the subtraction scheme. In the loop regularization method, we may adopt, 
for simplicity, a subtraction scheme similar to the Modified Minimal Subtraction scheme in dimensional regularization. 
Notice that the arbitrary mass parameter fig plays the role of the sliding energy scale, one may rewrite Iq as follows 

Since the term j/g approaches to zero yo ^ in the limit Mc — > oo. For the massless case with on mass shell 
condition, we have /i^ = /i^ and In/i^///^ = 0. Thus the substraction scheme is chosen so that the terms proportional 

to j^j3-(ln — 7a)) in the Feynman integral are canceled by the introduction of counterterms. As such a term doesn't 
depend on the Feynman parameter xi, one can integrate Xi easily. Final results are given by: 

L(2U„ = (-g'Cs) / da;i{[xi(3a;i-4)(e-l)-2xi]|^+[2xi(e-l)+4]m}-— (ln^-7^) 
Jo 167r^ ^ij 

= ^C2[{-0^+i(. + 3)m]liln^-j^) (26) 

From the condition i{z2 — l)^ + L{2)div = 0, we then obtain the renormalization constant Z2: 

(72 1 M2 

B. Renormalization constant for gluon fields strength 

Four diagrams can contribute to the A°'s renormalization as shown in Fig.l. These four diagrams have explicitly 
been evaluated in ^J, l2] with the result: 



Lt^.. = 9^5-\p^9^u - P^.P.) I dx{C,[l + Ax{l -x) + -il- ^o 



-NfT^Sxil - x)I^{m) - 4Ci(l - 0[1 - ^(1 - OM^ ~ x)p'l''2} (28) 

where Iq^ is the renormalized divergent ILIs and given by Eq |25l in the loop regularization. Thus the purely renor- 
malized divergent term turns out to have the following form: 



2^ ^'^Wtt^^ ^2 



i^U. = 9^S^\p'g^..-p^.P.) dx{C\[l + Axa~x) + T;a-0]T7r^{ln^-lu.) 



7 A'P 
-iV,Wl-x)^(Zn-^-7.)} 

„2 1 o 1 7i,r2 2 1 Ti/r2 
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The above divergent term can be canceled by introducing the counterterni 
with the renormahzation constant Z3 



^3 = 1 



167r2 



1 



(30) 



C. Ghost self-energy diagram and renormalization of ghost fields 

There is only one diagram (fig. 3) which contributes to the one-loop renormalization for the ghost fields strength. 
The divergent part of this diagram is evaluated in the Appendix C and reads in terms of the renormalized divergent 
ILIs as follows 

= ~C,g'S^''j\xJ ^ix-il-^xm^l))p^I^ (31) 

Using Eq. (j25[) and noticing that the subtracting divergent term j^^ln^^ is independent of the Feynman parameter 
X, we have 

i(3)5t = - ^)^i'5'V^(/"^ - 7^) (32) 

The counterterm should satisfy the condition 

z(z3 - l)p'S'^'' + LisrL = (33) 
which leads the renormaliztion constant £3 to be 



D. Fermion-gluon vertex renormalization 



Two kind of diagrams including their permutation (fig. 4) contribute to the one- loop renormalization for the fermion- 
gluon vertex. They are explicitly evaluated in the Appendix C, the divergent parts are given in terms of the renor- 
malized divergent ILIs as follows 



L(4a)°-" 



fi;div 



^ Jo Jo 



dX2[2 + 6(1 - X,){^ - l)]^XiM4a) 



Lmi% = g^C.T^lf. I dx, I dx2[3 + -x,i^~l)]I^iAhb) 



The corresponding subtracting divergent terms are found to be 

2 

ig^ 3 



M2 



1 

2 ^; 
1,. A/2 



{^ + l)C,T'^^,-{ln 

O/l ~ 4: 

The total contribution is given 



1., Af2 



(35) 
(36) 

(37) 
(38) 



(39) 



From the renormaliztion condition {zip — l)i.gT"7,, + L{'^)'^Jliiy = 0, the renormalization constant zip reads: 



Zip 



9 

87r2 



1 IvP 



(40) 
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E. Ghost-gluon vertex renormalization 

For the one- loop renormalization of three-gluon vertex, there are two diagrams including their permutation (fig. 5). 
Their explicit evaluation is presented in the Appendix C. The divergent parts are given in terms of the renormalized 
divergent ILIs as follows 

i(5a)^:=L = -'^g'C^r" J\xi J\x2^^P2XiM5a) (41) 

i(56)^rL = -jg^Cir']^ dx, dx2{S{x,-X2){^-l) + l)p2XiM5b) (42) 
The corresponding subtracting divergent terms arc given by integrating over Feynman parameters Xi , X2 

H^^^r^L = l|^i^C'irt2M-(Zn-^-7.) (43) 

mr.-L = l|^i^^ir'W2(^"-#-Tc.) (44) 



with the final result 



div 



^ ^C,r'p2,^{ln-f - j^) (45) 



Prom the renormalization condition (ii — l)gf°''^^P2iJi + = 0, the renormalization constant ii is given by: 

F. Three-gluon vertex renormalization 

Four loop diagrams including their permutation graphs will contribute to the one-loop renormalization of three-gluon 
vertex. More detailed evaluation is presented in the Appendix C, the divergent parts in terms of the renormalized 
divergent ILIs read 

HQa)li%div = '2ig^r'"'T2[ dxi r dx2l^{Meam-xi+X2 + l){l-k2^,g.x + 

Jo Jo ^ 

+ 2^2i/5/iA + ki\g^>,v - k2ngvx - k2vgij.\ - -^hxgn,,) + X2{-k3^g^x + 
+^fc3i/5/:iA + k^xg^u - ks^gvx - k^^g^x - ^kixgtiv) + 
+{x2 - Xi){^k2vgx^i + ]^k2xgv^i + k2fj.g„x - k2i,gxpi - k2xgi,^i - ]^k2figvx) + 
+X2{^k^vgxn + ^k^xguii + ks^gux - k^^gxn - kzxgvn - ^k^^g^x) + 
+{x2 - xi){^k2xgfiv + ^k2ij.gxu + k2vgxn - ^^xguv - k2^gxu - ^ki,gx^) + 

+{X2 - l)(^fc3A5M'' + ^ksf^gx,^ + k3,ygxfi - k^xg^u - ksi^gxv - ^ka^gxfj.)] (47) 



m);l%div = 2igT^f"'^r^j\x,£ dx2i^{M,,) 

{[-(1 - xi)k2 + X2k^]x^gnv + {xik2 + X2k2 
+Qt2^k3,v ^ \,h^c) (48) 



{[-(1 - xi)k2 + X2k^]x^g^iv + {xik2 + X2kz)J^g^x + [-(1 - 2:1)^2 - (1 - X2)ks],,^gux} 
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-^(6c)J^tA;<iTO 



Jo Jo 

1 2 112 4 

X [((-1 - xx)k2 + (-1 - X2)kzy9y.a + (("1 + 2a;i)fc2 + (-1 + 2x2)ks)^gl + ((2 - xt)k2 

2 14 112 

+ (2 - X2)ks)ccgl] + (-^5aA< - -^9ccn9''x + -^9n\9i + -^9^9^x - -^9x9na - ^5^5aA + 9i9ai,) 

X [((2 - xi)k2 - X2ki)''g,p + ((-1 + 2x^)k2 + 2x2ks),g'^ + ((-1 - Xi)k2 - 0:2^3)^5"] 

1 2 4 12 1 

+{-^9l9i^P + 9l9vp - -^9l9W + -^9i>.v9l + -^9l9i>.v - -^9,xp9l - -^9vp9l) 

X [((1 - x{)k2 + (2 - X2)kiYgx-, + ((-2 + 2a;i)fc2 + (-1 + 2a;2)fc3)A< 
+((l-a;i)fc2 + (-1-2:2)^3)^5^]} 
3i 
~i 

-^•permutation graphs 



(49) 



LM;%^,, = jg^C^r'^g.pgx. - gpxg..) dx,I^{Medm + x,)k^gP^ + {l-2x,)k,^gP^ + {-2 + x,)e,g;] 



(50) 



The corresponding subtracting divergent terms are simply obtained by integrating over the Feynman parameters xi , 

X2 



-^(6«)^tA;dTO 

-^(6c)ptA;dTO 

-^(6rf)JitA;dTO 



4 2 i M2 

^^i6;?(^"7f " 

24^ 'l67r2^ 
12,1 „ o i M? 



- loj)9f°'^''[9tiu{kix - k2x) + 9vKk2n - fe^) + gXfJ-ikst. - fci,.)] (51) 

7c.)5r''l5/x-.(fci - A:2)a + 6'.^A(fc2 - ka)^ + gxt^ik^, - fci)^] (52) 

^Ci5^^(/n^ - 7c.)5r''[5/..(fci - A;2)a + 9ux{k2 - ks)^+ gx^,{kr, - fci),] (53) 

-r'^^a'^ TT^i^'^—t - l'^)9f [9^u{ki - k2)x + 9ux{k2 - fca)^ + 5a^(A:3 - ki)^] (54) 

4 iOTT /XJ 



with the total result being given by summing over the four diagrams including their permutation graphs 

m;l%4iv = NfL{6arJl%,^, + L{Qh)f,%,,, + i(6c)«t'X;*. + L{&d)t\-4iv 
2 4 7 

= [(^i^'Ci - -ig^NsT2)—^{ln^ - iu.)]9r'''[9f.Akix - k2x) + 9.x{k2^ - fe^) + 9x^.{k3. - fci.)] 

O O iOTT Lit 



Using the renormalization condition 

{z, - l)gr%^Akix - k2x) + 9.x{k2i. - ks^) + gx^^iks. - fci.)] + i(6)»tA;*. = « 
we obtain the renormalization constant Zi in Feynman gauge ^ = 1 to be 

I. 
■127r2' 

The evaluation in the ^ gauge is rather length, the result is 



Zl = l + 



^[l + ^(l-0]^i-|^iV/T. 



1 



(55) 
(56) 

(57) 
(58) 



G. Four-gluon vertex renormalization 



We finally consider the four-gluon vertex renormalization, there are five loop diagrams which contribute to its 
renormalizaion. The detailed evaluation can be found in the Appendix C, we present here only the divergent parts in 
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terms of the renormalized divergent ILIs 

34 

24 {9nvg\p + QtiXQup + gnpgux)]Io{M7a) + 2 permutations (59) 

H7b)fX.^,,, = 2gTff''"^-[ff'f'^{gigi - g^^g^x) + /'^^''"'(/'^^A. - g^gl) + f^"" f^g^^g^ - 5^5?)] 
/"^i 12 4 12 1 

Jo Jo '^^^'^^2(5/3m5px - -^9i3i.gpx - -ig0p9nx + ^g^g^x + -^gpxgi^P - -^gi^xg^P - -igpxgi^i3)io{^7b) 

+5 permutations (60) 

^(7c);X;*. = Ig'ir^r'ia.pgcp - gM) + r' r^^gi^pgec - g^.c.gpp) + rT'ig^.agpff - gp^gp.)] x 
[f^"'f^''{gtg^. - g"^g^x) + f^''f^'\g"^gx. - gtgl) + /^''/^'"{g^g^x - 9^g^.)] 

/ (M7c) + 2 permutations (61) 

L{Ti)t%.,4iv = -l9^r'f"''r"'f'"'''{9p^gxp + 9px9up + gppg.x) dx, dx^ £ dx^I^iM^a) + 

+5 permutations (62) 

We)tX;di, = -8g^Tr{T'^T''T'T^){g^,gxp-2g^xg.p + gppg.x) [ dx, f \lx2 I \lxiI^{M,,) + 

Jo Jo Jo 

5 permutations (63) 
The corresponding subtracting divergent terms are yielded by integrating over the Feynman parameters xi, X2, X3 

j ]\/f2 47 1 y A'7 

L{7a)f,t;<iiv = 9'^{ln^ ' l^)\9p^9Xp{^F^'''' + -F<^^'^ + -F'^^'^'') + 

17 47 47 47 47 17 

g^.xgupi^F'^'''' + -f + -F"'^''-) + + _F-^^' + -i^'^^'^^)] (64) 

Hio)^„Xp;div - 9 Y^yl-^-^ - y^JWpi^gxpK — ^-f +2/* ~Y ~ 2 ~2 ' 

17 17 S 3 

g xg ^2F^^*^^ pacbd jpabdc _j_ _Q'^J^o,d jlhc _(J^j^'^b f^^^^ ~t" 

g^pg.xi-Y^'"'"'' - ^F'^''^ + 2F'^'^' + ^Ci/'^V""" + Icif'^^'n (65) 

i M"^ 

H^crjlfp-^iv = 5^Y^(^"^ - 7c.)b^.5Ap(2Ci/-'^/^*^ + 2Ci/-V'=''' + 3^"'"='' + 3i^«'«^^) + 

gpxg^p{2Cir''^r'"^ - 2Cif'""^r^'' + SF'^'"^" + sF'"''"^) + 

9pp9ux{-2C-i_f'"'^f'""^ - 2Ci/^"^/^'"^ + ■iF"^"'^ + SF""'"^) 
Wd)t:Uiv = /Y^(^«^-7.)[.9..,9Ap(-^i^"''^''-^i^°^''<^-^F«^'^^) + 

g^xgupi-^F'^"'^ - If"'^'"^ - If'^^"') + 5^^5,;,(-1f«'"='^ - ^F'^^'^ - ^F«'><^'=)] (66) 

^ ( fadl fbcl I rac/ fhdl\ i ^ „ f fabl fcdl fadl rbcl\ \ „ ^ { fabl fcdl fad £bdl\^ (ci^\ 

\9pu9xpU J +.! J ) + gpxgupu J -J J ) + 9ppgi^x{-j j -/ / j| log 

with F°-^'"^=f'"'f ffafcgh^dhe^ By adding those five diagrams together, we have 



L{'^TpvXp;div — L{'7^)p''uXp;div + ^{'^^TpvXp^div + H'7(^)^Jxp;div + ^{^^ dYj^^Xp;div + ^ S ^{^^ ^TpvXp:, 

= 9'Y^iln^ - 7^)[9p^gxpi^F^''' + ^F^^'' + ^F^''^'^) + 



div 
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17 47 47 47 47 17 

^ « /' Tpahcd I jpacbd i Tpabdc\ i „ / jpabcd , rpacbd , Tpabdc\ 

gnxgi^plj^i' 12 ) + fwS'i'A(Y^-f' + Y2 12 ^ 



71^2 1 '7 1 7 Q Q 

I ^4 c ^ /' Tpabcd I nrpacbd * rpabdc Aad Ahc rlac £lbd\ , 

TStt^^ 7*2""^'^'^^^''''^^''^ — 2" ~Y ~ 2 ~ 2 •' 

17 17 S S 

^ {^F^^^*^ jpdcbd jpabdc _|_ _^^^lad y^^c _^_^^lab y^^*^^ _|_ 

17 17 3 

„ ^ / -Tpabcd TTtacbd i rpabdc , rlac rlbd i rlab rlcd\'\ 

gt^pg,^\[ — ~Y 2 ■' ^ 2 

gp.\gup{2C-ir''^r'^ - 2Ci/^'"'/^^^ + ^F"^'^" + ^F'"'^'^) + 
gp.pgu\{-2Cif'"'-^f'"^ - 2Cir'"'f^^^ + ^F"^"'^ + ^F'"'^'^) 

+5'Y^(«n-^ - i.)[g^..gxp{-^F-^'"' - ^F'^"'" - r^F-^"") + 

5^Aff.p(-^i^"'"=' - ^F'^""' - l^F'^^'l+gp.pg.xi-^F'^'""' - ^F-^"'" - ^F'^'""')] 
4 ?■ 

^ i fadl fbcl I racl rbdl\ , ^ ^ ( fa,bl fcdl radl rbcl\ i ^ ^ f j^abl j^cdl racl rbdl\\ 

igp.vg\p{j J +j J ) + gpxgupU j -j j ) + gppgu\{-j j -/ ,/ j| 

7 1 1 — ^) 10 — ^) 

„4 f]^ „ I f' feadfebc, /~i feacfebd, rjabcd , zjacbd , ^ jriafeticx , 

T67r2 7t2"~^'^'^^^'"''^'^''^2 2 ~3~ "3" ~3~ 

1 1 — ID — 

^ ( J^eab feed j^ead tebe i jpabed , jpaebd i rpabde\ i 

gij.\gvp\-j^ij J - -jf^ij J + + y-^ + "^-^ > + 

1 1 — in — 

^ / /•eat' recf/ peac rebd , jpabed i jj^aebd i rna6dcM 

gp.pgv\\--j<^ij J ^2 ~3~ Y ~3~ 

4 ? 

1 4 j A//"2 

= [-3^-3^/^^]^^16^('"7f-7'^) 

^ I -padl rhcl I racl rbdl\ , ^ „ / rabl rcdl radl fbcl\ \ ^ ^ { rabl rcdl racl rbdl\\ { ail\ 

igpugxpU J +/ J )+gi^xgiyp{j j -j j ) + gp.pgvxi-j j - 1 j )} (o8j 

By applying for the rcnormalization condition 

{z, - i){-ig^){g^.gxp{r'''t' + r'f') + g^.xgupir"' f"' - f'f"') + g^^pguxi-t"' f"' - r'f'^')} 
+m%-M. = (69) 
we then obtain in the Feyman gauge ^ = 1 the renormahzation constant Z4 

-4 = l-(^^i + |^^/^^)^('-f -7.) (70) 
A similar but length evaluation in the ^ gauge loads to the result 



Z4 = 1 — 



^(l + 3(C-l))C. + |^iV,T. 



1 

^(/n-^-7.) (71) 



H. Ward- Takahaski-Slavnov- Taylor identities and /? function 



We shall summarize all the renormahzation constants in this section to check Ward- Takahaski-Slavnov- Taylor 
identities and calculate /? function. All the results are listed as below: 
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„2 io 2 1 AJ2 

-3 - ^ + [^,i--OC\-^Nfn]-iln-^-j^) 



9' ^ ,3 A^c 

= 1+16^^^(2-2)2^^^^-^-) 



"2 1 m2 
16^2-~^2('"7| 



= l-T7Z2^C'i-(/ri-^-7, 



It is straight forward to verify explicitly the Ward- Takahaski-Slavnov- Taylor identities: 

1/2 

ZlF Zl Zl zJ 



(72) 



9 1 12 1/2- 3/2 ^„ 

Z3' Z2 Z3' 2:3 Z3' 23 

which leads to the gauge independent renormalization constant for the gauge coupling constant g ~ z~^go 

11 1 1 

= l-(^C.-^A^,T.),Y/"^-7.) (73) 

In the loop regularization method, the energy scale /is plays the role of the sliding energy scale. According to the 
definition of (3 function, we obtain the one-loop P function: 

d 

Pig) = , lim fJ-sjr-g Iso^mo 



d_ 



lim gus^—lnzg \g„^mo 



d 11 „ 1 ,1., M'i 



11 „ 1 „ . -1 



which agrees with the well-known result obtained by using dimesional regularization. It is noticed that a simple 
corresponding for the logarithmic divergences between the loop regularization method and dimensional regularization 
scheme is 

- ^ In^ (75) 
£ Ms 

with e ^ and M„ 00. 



V. CONCLUSION 



We have performed a complete calculation for all one loop diagrams of non-Abelian gauge theory by using the loop 
regularization method [l|,[^ and provided an explicit check for the consistency of loop regularization method from the 
Ward- Takahaski-Slavnov- Taylor identities satisfied among the renormalization constants. It has been shown that the 
loop regularization method can lead to a consistent /3 function. 

From above explicit calculations, the conclusions stated in [l|, Q become manifest that the loop regularization 
method preserves not only non-Abelian gauge symmetry, but also Lorentz and translational symmetries though the 
existence of two energy scales Mc and fig introduced intrinsically in this method. As the scales Mc and /is play 
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the role of ultraviolet divergent cutoff and infrared divergent cutoff respectively, the loop regularization method 
can deal with both the ultraviolet and infrared divergences. The existence of two energy scales also makes the loop 
regularization to maintain the divergent behavior of original theories, while the quadratic divergences in gauge theories 
are found to cancel each other as the loop regularization preserves gauge symmetry. Thus both loop regularization 
and dimensional regularization lead to the same renormalization constants for gauge theories with making a simple 
replacement between InAfc/^s a-nd 1/e. The possible distinguishable properties between loop regularization and 
dimensional regularization may occur for treating chiral field theories with anomaly action concerning the 75 matrix 
[1^ [13 1 a-iid for deriving effective field theories with dynamically generated spontaneous symmetry breaking as 
well as for applying to supersymmetric theories involving the exact dimension (s^]. Finally, we would like to point 
out that the renormalization scheme dependence is not involved in our present consideration as our computation 
for the renormalization constants is only at the one loop level and our focus in this note is mainly on the check of 
Ward- Takahaski-Slavnov- Taylor identities among the renormalization constants. It is interesting to see that the loop 
regularization method generally allows one to make on-shell renormalization prescription due to the existence of the 
energy scale /is which plays the role of infrared cutoff and sliding energy scale, such a feature may provide a practical 
way for reducing the renormalization scheme dependence, which is worthwhile to be further investigated elsewhere. 
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APPENDIX A: SOME USEFUL FORMULAE OF COMPACT SIMPLE LIE GROUP 

In this appendix, we shall present some useful formulae about the structure constants and the traces of the repre- 
sentation matrices for Lie group. 

For compact simple Lie group, one can choose the killing form of group to be in proportion to a unit matrix, then 
the Lie algebras satisfy the following identities: 

TriT^T^) = TaJ'^^ [T" ,T^] = iP^^T"- (Al) 

jabd jdce jhcd jdae jcad ^dbe q. (A2) 

jabcjdbc ^ ^^^ad. j,aj,a ^ (j^j. ^^3^ 

where f'"' = -iT^^tr{T°-T^T'' -T^T^T") is completely antisymmetric, and T" are group generators in fundamental 
representation. Using the above relations, one can easily prove the following relations: 

janm jhrap jcpn ^^^jahc rj-iarj-ibrpa ~ —C\^T^ 

rj-iabcd _j_ rpabdc rpacdb _|_ rpadcb _ c^rj^acbd _ c^rj^adbc rp^^jadl J^^^ _|_ jQ'Cl yfed/j 

^abcd 2^jpacbd _|_ ^abdc ^^^^jadl J^^^ _|_ y^c/ 

where J^'^^^^—'J^f^'J^^^^'J^'^'J^^^ with 'J^'^^^^ — j^cycle q^i^^ pabcd — j^aef J^f 9 J^Q^^ jdhe jpabcd ^cycle ^inverse 



APPENDIX B: FEYNMAN RULES FOR GAUGE THEORY 



(Bl) 
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■^—m,-\-i€ 



b ^ ^ 



a. 1^1 b, y 





a. fi 



= gf'V'ik - pY + g'"'{p - q)" + g^'iq - m 




= -jff^[/°'7'*(s''''ff"'' - 9"° 3"')+ 



APPENDIX C: CALCULATION OF RENORMALIZATION CONSTANTS IN LOOP REGULARIZATION 

1. fermion self-energy diagram 

There is only one diagram which contribute to the one-loop renormalization for the fermion fields strength as shown 
in Fig.2. 




iv,b) 



Fig.2. 

Following the Feynman rules given in Appendix B, we write down the Feynman integral corresponding to this diagram 
(for simplification we will ignore the ie prescription in the propagators throughout this paper, this dose not make any 
confusion if we keep the prescription in mind) : 



L(2) 



' (p + k)^ — m? k^ 



fc2 



(27r)4 (p + m)2 - m2 k 



k^ 



(CI) 



we now apply the Feynman parameter method to the denominators in the integral in order to squeeze those denomi- 
nator factors into a single quadratic polynomial in k. Then we can get: 



L(2) = (-g^Ca) / dx 



1 f d'^k 



J (2^)' 

r(3)2:i(^ - ^)k^'k•' 



r(i)r(i)[(i - xi){{p + fc)2 - m2) + 



r(l)r(2)[(l - xi){{p + fc)2 - m2) + a;iA;2]3' 
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2xi(e - - (1 - - (1 - xi)pr , 



(fc2 - M|)3 



(C2) 



where we have shifted the integrating variable by a constant to complete the square in the denominators and have 
introduced the notation A/| = (1 — xi)m^ — 2^1(1 — 2^1 Then the divergent part can be extracted to be: 



i(2U„ = {~g C) dx,j (^( (fc2_M|)2 + (fc2_Af|)3 + 

(fc2 - M|)3 ^ 
= (-9^02) J dxi[(-2.Ti|^ + 4m)/o + 27^(a;i|^ + m)7,xi(C-l)/o^" + 

2x1 (xi - l)(e - l)7,.7a7.(P^/o"'^ (C3) 



It is seen that the Feynman integral can be expressed in terms of 1-fold ILIs Iq and /q"'. To regularize this Feynman 
integral we only need apply the loop regularization prescription to the relevant ILIs. We mention that the explicit 
forms of all the regularized ILIs have been worked out in [J, what we need here is to use the relation for the 
regularized ILIs: /(j^^ — |.9piy/(f • As a consequence, the regularized divergent parts of the Feynman diagram can be 
expressed only in term of the regularized scalar divergent ILIs 

mL = {-9^C2) /'dxi{[xi(3xi-4)(C-l)-2xi]|>+[2xi(C-l)+4]m}/cf (C4) 
Jo 

2. gluon self-energy diagram 

There are four gluon self-energy diagrams as shown in Fig.l, which have been evaluated in [3, the results read: 

= ff'^^'bV-PA.P-)^ dx{Ci[l + 4x(l-x) + i(l-0]/(f 

-NfT28x{l - x)I^{m) - 4Ci(l - 0[1 - ^(1 - OH^ - ^)p'l%} (C5) 

3. ghost self-energy diagram 

There is only one diagram which contributes to the one-loop renormalization of the ghost fields strength as shown 
in Fig.3. 




Fig.3. 
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JQ 



f d^k r(2) P^ + ^P^.k^ . r(3) xp^p,k^^k- 

""J (27r)4 T(l)r(l) ((1 ~ x){p + kf + xk'^Y ' r(l)r(2) ((l - x){p + kf + xBf^ 

n 2Ae<i C , f , P^ + ^Pf.{k - {1 - x)pr ^ 2x{^ - l)p^pAk - (1 - x)pnk - (1 - x)pr ^ 

-Cgb dxj „ Mir ^ (F - M|)3 J ^^^^ 

where we have mtroduced the notation Af| = — a;(l — a;)p^. Thus the divergent part can be found to be: 

- -C^r.^^- f'dxf , 2xi^-l)p,p.k^k^ 



(27r)4^ {k^-MlY [k^-Mlf ' 

= -C^g^S^" J^' dx J -0^ [(1 - C(l - x))p'lo + 2x(e - l)p^.P.in (C7) 

Applying for the relation Iq^^ ~ jg^i^I^, all the divergent parts can be expressed in term of I^^ and given by 

M3)Sl^ = -CgH^'' j\xj ^(x-(l-^x)(C-l))p2/o^ (C8) 



4. fermion-gluon vertex renormalization 



Two diagrams including their permutation can contribute to the one-loop renormalization of fermion-gluon vertex. 
Let's begin with the calculation for Fig. 4a. 




FigAa. 



/d^k i i — 7^''^ kPk" 



(27r)4 '"(p2-fc)2-m2 '^(pi-A:)2_m2 '^pL^ 'vs 



2 " J (27r)4/c2[(p2 -fc)2 -fc)2 -m2]^-' ' ' fc2 

1 „ . n . f d^k 



9\C2-\Ci)T'' dxi ' dx2 J 

{ 



4 



(27r) 

r(3) Y{:^2 - 1^ + m)jf^{^i - ^ + m)"fp 



3 



r(l)3 {(1 - xi)k^ + {xi - X2)[{p2 - ky - to2] + X2[{pi - fc)2 - m?]} 
r(4) (l~xi)(^-l)fc^fc"7^(|^2-^ + m)7^(|^i~^-|-m)7p 

+ r(2)r(l)2 {(1 - Xi)fc2 + - X2)[{P2 - W " "^'] + ^2[(pi - fc)2 - m2]}4^ 

1 „ /-i . . f d^k 



9\C2-\Ci)T'' dxi ' dx2 J 



(27r)4 
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{ 



1 



1 



[2Y{^ + [xi - X2 - l)]l>2 + a;2^i - m)7^(^ + [xi - X2)i>2 + (x2 - l)|^i - n^)7p] 

[6(1 - .Ti)(^ - l)(fc + (xi - 2:2)^2 + X2V\Y{k + {Xx - 2:2)^2 + 2:2Pl)°'7<T 



+ - a;2 - 1)1^2 + ^2^1 - m)7^(^ + {xx - X2)i>2 + {^2 - l)i>i - nT-)7p]} 



(C9) 



with definition: Af|^ = — (xi — X2){'i — xi+ X2)p2 + 2:2(1 — X2)pf — 2x2{xi — X2)pi-P2 — xim?', and the divergent part 
is found to be: 



g^iC2 - ^Ci)T'' / dxi / dx2 
^ Jo Jo 



+6(1 - xi){^ - 1) 



9-\C2 - -C^)T'^ / dxi 

^ Jo Jo 



dx-2 



(2^)4^ (fc2-M|J3 



(27r 



(P-MIJ3 



+6(l-a:i)(e-l)- 



7m 



'(fc2-M|J4J 

<?'(C2 - iCi)T" / dxi / 'da:2[-87"/o^„ +47^/0 + 6(1 -a;i)(e-l)7M^o] 
^ Jo Jo 

By adopting the relation J(j^^ = ■jSpf-^o^ the divergent parts can be expressed in term of Iq 

1 f^^ 
Li'^a);^, = g'{C2 - -C,)T'^ dx, dx2[2 + 6(1 - x,){^ - l)]-fX' 



(CIO) 



(Cll) 




Pi 



Pi 



Fig.db. 

The second diagram (Fig. 4b) that contributes to the fermion-gluon vertex has the following form 



-iS 



(27r) 



Ijt — m 



bd 



- k2)xg,, + {k2 - k,),g,x + (fc3 - hU,x]-^[g"' + (C - i)^] 

K2 



I, (TLA 

-iS 



1 3^ / 

2^ J (2^^^ 



TO i-gr"" ^^k^k^. 



(27r)4 '"P 

^ + TO 



7p[^ + (C-l)- 



^3 



'^2 '^2 1 



[(ki - k2)\gf,^ + {k2 - k3)f,g^x + {h - ki)^gpx][-p- + (C - 



1 3p^a /■ d^k 

^ 2-9 i (2^^-P-to2 



L2jL2 ' VS ,2,4 ' VS 7,4 l2 



2 "-2 

7p[(fci - k2)xgf^u + [k2 - kz)^gv\ + (^3 - ^i)i/5MA] x 

1,0- jLA 1,7/ jLP 
(bo rvn rvn ^ 



.g^^g"" ^ _ 1)^^^^ + (e - 1)^^^ + (C - 1)' 



^3 '^2 



"-3 "'2 











(2^ 



7cr(^ + TO)7p[(/i;i - k2)\g^i, + (fc2 - kz)^guX + (/s3 - fci)i/5pA] x 
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^r(l)3 [(1 - Xi){k^ ~ m2) + {x^ - Xi)kl + X2/Ci]3 



^3 

r(4) x^a^^kik"^ 

r(l)2r(2) [(1 - xi)(fc2 - m^) + _ X2)kl + 2;2fc|]4 
r(4) [x^ - x-i)g-Pklkl 

r(l)2r(2) [(1 - Xi)(fc2 _ „i2) + (.^^ _ 2.2)fc2 ^ ^2^2]4 

2 r(5) (a;i - a;2)x2fcf fc^fc^fc^ 

r(l)r(2)2 [(1 - a;i)(A:2 - m2) + [x^ - X2)kl + a;2A:2]5J 



(C12) 



Introducing the notation Af|^ = —{x\ — a;2)(l — + a;2)p2 + ^2(1 — ■^2)^1 — 2.T2(xi — 2^2)^1 ■P2 — x\m} ^ the divergent 
part can be written down as follows: 



1 f^^ f d^n. 



2^ Jo "■^Vo ""^V (2^ 

25" V'' Qx2g"^k''kP Q{xi-X2)g''fk"k^ „2'i{xi - X2)x2k"k^k''kP 



{k^-Ml,f^^^ ^^(fc2-M2,)4+(^ 1) (fc2-M2,)4 1) (fc2-M2J5 



1 

^ Jo Jo 



da;2[27S"7M^"A + 27^7"7''/oa. - ^l^l'^lxhc^. + 62:2 - l)7^7"7''^0apAM 



~12X2{£, - l)7N"7''^0apA^ + 6x2(^ - l)7p7"7''^ap + 6(a;i - X2){(. - l)7"7"7p4aa 
-12(xi - X2){^ ~ 1)7"7"7'' + 6(2:^1 - X2){^ - l)7"7"7"Wp. + 0] 

= S^PiT'^ / dxi / ' da;2[47"/oaM + (3(2;i - a;2)(e - 1) + l)7N"7p4Aa + 

+ (3a;2(e - 1) + l)7p7^7"^Aa - 3xi(e - l)7"7"7''^a.pj (C13) 

Using the relations /J^^ = \gtii^Io and = jiigpcrgap+gpagap+gppgaa)!^, the divergent parts can be simphfied 

to be 

i(4&)^;'d™ = g^C^T'^1, dx, I dx2[3 + -XI (e - l)]/o^ (C14) 

5. ghost-gluon vertex renormalization 

There are two diagrams which contribute to the one-loop renormalization of the ghost-gluon vertex. Let's consider 
the first diagram (Fig. 5a) 

a 



pi,b b -^k A,n c c,p2 



Fig. 5a. 

^(5a)r - / (^(5r-P2A)^^^3^(3r^^b2-fc).)^^^^(5/™^^ 

-[g'^' + i^-i)^^] 



fc2 ■ ' fc2 
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'2^ J j2^P''{p,-kyip,-k)^^^ + " 



2" J (2^)4^ {p2-kY{pi-kYk-^ 

P2XP2^iPiuk'' k^ ~ P2XPi^kf_,k''k^ 



{P2~kf{pi~kfk^ 



Ag^Cif'"''' C dxi n dx2 ^ '^^^ '^^"^^ iPvP2)P2f, - iPvP2)kf, - ^p^P2^,k^ + ^P2kt,k^ 



3 



2" ^' Jo Vo V (27r)4^r(l)3[(l-a;i)(p2-fc)2 + (a;i-X2)(pi-fc)2+a;2fc2]3 

r(4) X2{p2\P2t,Pli,k''k^ ^p2XPl^k^k''k^) 

+ ^r(l)r(l)r(2)[(l-xi)(p2-A:)2 + (a;i-:r;2)(pi-fc)2 + X2p]4^ ^ ^ 

Taking the notation Af|^ = —(1 — xi)xip\ + (xi — a;2)(l — xi + X2)Pi — 2(1 — a;i)(xi — X2)pi-P2, the divergent part is 
given by 

\acb _ ^ „3ry facb /"^ . /" '^'^^ S^p^/c^/c^, 



It) Jo 

with the relation /J^^ = jgp,i^Io , the divergent part is simply given by 



(2^)4 

= -^.g'Cir^" / dxi / 'dx22Cp^/o^, (C16) 



i(5a)^;=i^ = -^g'Cir'J^ d^i dx2-^P2X (C17) 



We now evaluate the second diagram (fig. 5b) which contributes to the ghost-gluon vertex as: 




Fig.Sh. 

J^(9r'P2a)^[9"' + (C - l)^]{gr'l[iki - k2hg,. + [k2 - k,),g^, + (k, - k,U,,] 



/V2 n,2 



i,3c,r- / rffc^i^ + - + (e - 1)%^^ 

^ J 3 3 2 2 

[(fci - k2)xgtiu + {k2 - kz)^igu\ + (/ca - A:i),ygA/i] 
= -T^g^CiT"'' [ dk[{ki-k2)\g^^ + {k2-k3)f,g^x + {k3~ki)^gxf,]x [ dxi [ dx2 



"'0 



r(3) P2.fcp5^"5'"' _^ r(4) a;2(^-l)p2.fcpA:3Hf.g'»' 



^r(l)3 [(1 - Xi)k^ + (Xi - X2)kl + X2fci]3 r(l)2r(2) [(l - Xi)k^ + {Xi - X2)kl + X2kl]^ 

r(4) (xi - X2m - l)P2.kpkPk-2g^- r(5) X2(xi - X2){i - Ifp2.kpk^kie2kl^ ^ 

r(l)2r(2) [(1 - Xi)fc2 + (xi - X2)fc2 + X2klY r(l)r(2)2 [(l - Xi)^ + _ X2)kl + X2k 
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(C18) 
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Introducing the notation Afg^ = —{xi — X2){1 — xi + X2)Pi + 2:2(1 — X2)p'^ — 2x2{xi — X2)pi-P2, the divergent part can 
be expressed as: 



6x2(e-lWfcpfc^fcy 6(xi -a;2)(e- l)p2^fcpfcPfcV'^ 24:^2(^1 - X2){^ - l)^p2.fcpfc^fc"fcH'^ 



2^ io Jo J (27r)4^(F-M|,)3 (P-M|,)3 (fc^ - 

Gjxi -X2){^- 1)P2m „i 



= -ig^Cir^' / / d:r2[(3(x2 - - 1) - + (-3(x2 - xi){C - 1) + l^/o] (C19) 

Jo JQ 

with the relation /J^^ = jgi^ii^I^ , ail the divergent parts can be expressed in term of 

L{^b)l% = -^g^Cr"!^' rfxi J^^' dx2(3(xi - X2){^ - 1) + l)p2p/o'' 



(C20) 



6. three-gluon vertex renormalization 



Four diagrams including their permutation graphs can contribute to the one-loop renormalization of three-gluon 
vertex, let's evaluate each of them. We begin with the first graph (Fig. 6a) 




Fig. 6a. 

which is calculated via the following form 



I d'^k 1 i 

= -Tr / jTTTi^Slt^T''-——- igivTbj igi\T 

' (ztt)* ^ + If2 — m If — m If — If 3, — m 

d^k „ 1 i „ i 



J (2n)^ f + f2— m f — m 



Iji — Ijis — m 



(27r)4^ " ' [{k + k+2)^ - m?][k^ - m?][{k - k^f - in"^ 



■r(i)3 



{(P - m2)(l - ail) + [{k + k+2? - m2](a;i - X2) + [(fc - fca)^ - m2]x2}3 
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[{k + {xi ~ X2)k2 - X2fc3)2 - to2 + {xi - a;2)(l - a;i + X2)kl + ^2(1 - a;2)A:3]3 
*''[7;i(^ - {xi - X2)^2 + a;2^3 + ^2 + ■m)^„{^ - {xi - X2)^2 + a;2^3 + tn) 

7a(^ - {xi - X2)h + xih -h- m)] (C21) 
with = — {xi — a;2)(l — a;i + a;2)A;| — 0:2(1 — 2:2)^3. The divergent part is given by 

tr[7^^7,,^7A(-(xi - X2)^2 + a;2^3 - ^3 + + 
+l^l^lu{-{xl - X2)^2 + X2^3 + m)jx^ + 

/li'^k P^^ 1 

^ dx, dX2jj^-j^[iX2 - x,)tr{jjj4j^^2) + 

+ {x2 - l)tr(7p^7,^^7^^3) + {x2 - xi)tr(7^^7,,^277^) +a;2tr-(7^^7^^37^^) + 
+ {x2 - xi + l)tr(7p^27i^^77W + X2tr{'Jij,1^3ju^jj^)] 

/d'^k f^^ 1 

^ dx^ dX2 ^^2 _ M2 )3 [<-Xl+X2 + l) {2k2^k.kx + 

+2k^k2uk\ + k2xgiivk^ - k2i,gu\k'^ - k2v9n\k'^ - 2kxg^„k-k2) + X2{2k3^k^kx + 
+2k^kz^kx + k^xOnvk'^ - ka^Q.^xk'^ - ksug^xk'^ - ^kxQu^k-ka) + 

+ {x2 - xi){2k2^kxkf^ + 2k^k2\k^ + k2fi.gvxk'^ - k2ugxtik'^ - k2xgufik'^ - 2k^gyxk-k2) + 
+X2{2k3ykxk^ + 2k„k3xkf, + k^^.g^xk^ - k^^^gx^ik^ - k^xgui^k^ - 2k^^guxk-k3,) + 
+ {x2 - xi){2k2xkfj.ku + 2kxk2f^k^ + k2ugxtik'^ - k2xgfiuk^ - k2fi.gxvk'^ - 2kt,gx^k-k2) + 
+ {x2 - l){2k3xkf_tk„ + 2kxk3^ki, + k3„gxfik'^ - k3\gfj.i^k'^ - k3f_tgxuk'^ - 2k„gxfik-k3)] 

with the relation Jq^j, = , all the divergent parts can be expressed in term of I^. The result is given by 

L{QarJl\%v = 2ig^r>"=T2j^ dx, £ dxa/cf [4(-xi + X2 + l){\k2^.g.x + 

+ ^k2ugtiX + k2xgnu - k2ij.guX - k2ugtiX - ^k2xgnv) + X2{^k3^,g^x + 

+ ^k3^g^,x + kaxg^u - ka^^g^x - k3ugu.x - ^k:ixg^^u) + 

+ {X2 - Xi){^k2ugx,i + ^k2Xgupi + k2t,gux - k2ugXtJ. ~ k2xgun - ^k2f,gvx) + 

11 1 
+X2{-k3^gx,j. + -jkaxgun + ka^g^x - ks^gx/j. - ksxgu/j. - -jka^g^x) + 

+{x2 - xi){^k2xg^v + ^k2u,gxv + k2ugxix - k2xg^v - k2ngxv - ^k^gxix) + 



+{x2 - l)(^A;3Aff^i. + ^k3^j.gxv + ^s^^a^ - k3xg^u - fc3^5Ai/ - ^^si/SAm)] 



(C22) 



The second diagram (Fig. 6b) has the following form 
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U ki,(iu,a) 



m, \n 



^' + another permutation graph 



'TT^Wo^' * '-^^Trs^Tnr 

Fig.6b. 



2 



(fc - fca) 



*.9 



3 ranm. rb7np rcpn , [^^ d f '^^^ ^^"^^ (fc — k^) ^^{k + k2)iyk\ 

^ ^ ^ 7o 7o V (2^)4r(l)3[(l-a;i)(fc + fc2)2 + (a;i-.T2)fc2+a;2(fc-fc3)2]3 



+ (fc2^fc3, ^ A, b^c) 

2^^3 ^a„™ ^b^p ^cp„ r f (fc - fc3)^(fc + fc2).fcA 



(27r)4 {[fc+ (1 _xi)fc2 - X2k'iY + xi{l - xi)kl + X2{1 - X2)kl} 



2\3 



Jo Jo 

+ (fc2-^fc3, ^ A, 6^c) 

/•I /-a;! 
2ig3 pnrr, j^brnp j^cpn / / 

^0 "'0 

d'^fc [fc - (1 - a;i)fc2 - (1 - X2)k3]f^{k + 0:1 fc2 + a:2fc3)iy[fc - (1 - a;i)fc2 + a:2fc3]A 
+ (fc2^fc3, ^ A, 6^c) 

(C23) 

with Af|j = —xi{l — xi)fc| — 2:2(1 — a;2)fc3- The divergent part is found to be 

/■I rxi 

L{Qb);1%^,, = 2z5V'^"'"/'""V^^" / dxi / dx2 

Jo Jo 

d^k k^k^[-{l - Xi)k2 + a;2fc3]A + k^k\{xik2 + X2k^)i, + fci,fcA[-(l - Xi)fc2 - (1 - a;2)fc3]p 
+ (fc2^fc3, J/ A, b^c) 

= 2tg^r^"^f"^Pf-P^ f dxJ' dx2{[-{l - Xi)fc2 + X2k3Ulo^,{Mi,) + (xifc2 + X2fc3). Va(M|J 
JQ Jo 

+ [-(1 - xi)fc2 - (1 - X2)k3]^Io,xiM^i,)} + (fc2^fc3, ^ A, 6^c) (C24) 
Taking the relation /(^j, = jg^.i^Io', we arrive at the result 

mrjif,,, = 2ig^r"^f "^pr- f dx, r dx2 

Jo Jo 

{[-(1 - a;i)fc2 + a;2fc3]A^5M"^ + {^1^2 + X2k-i) i,^g ^_,x + [-(1 - -^1)^2 - (1 - X2)k'i]^^g„x}Ia {Ml^) 
+ (fc2^fc3,J^-> A,&^c) (C25) 



The third diagram (Fig. 6c) is given by 
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Fig.6c. 



- k - k2)p9^» + {k + k2-k, + k),g^p + (k^ - k - k,Up^]j^—^ 

X-gf^'^iih " k)ag^p +{k + k + k2)ugpa + i-k -k2- k2)pgau] 

x.9/'"'*[(^3 -k + k3)^gxj + (fc - fcs + fc)Aff7x + (^^ ~ ^3)75xa]-^^— "^j^ 
= [^^gfr"^-fprnfcnp| ^[(fci - k k^V g + (k + k2 - k, + k) ,gl + {ks-k- k^U;] 

X [(fc2 - fc)".9.p + (fc + fc + fc2)..9^ + (-fc - fc2 - fc2)pg"] 

X [(fc3 -k + ksYgx^ + {k-k3 + k)xgP + {-k - fca)^^^] 
1 



(fc + fc2)2fc2(fc-fc3)2 

^3, 1^ .a6c^ / '^'^ r(3) 1 



{-zgy{--C,r''=) / / dx 



2 'Jo Ja J (2^)4r(l)3 [(l-.Ti)(fc + fc2)2 + (a;i-a;2)fc2 + a;2(fc-fc3)2]3 



X 



[(fci - fc - k2ygpa + + ^2 - ^3 + k)pgl + (k^ - k - ki)ag^ 
X [{k2 - krg^p + ik + k + k2).g'^ + i-k -k2- fc2)p5"] 
X [(fcg -k + k3)Pgxj + {k- k-i + k)xg^ + i-k - fca)^^^] 
"1 r^i r 



iC'ig^r'"' I dxi I dx 



t.2 



(27r)4 {[k + (1 - Xi)k2 ~ X2fc3]2 + a;i(l - Xi)kj + X2{1 - X2)fc2}3 

X [(fci - fc - k2)'^gpa + {k + k2 - k3 + k)pgl + {k^ - k - /c^ag^] 
X [{k2 - k)°'gyp + {k + k + /C2),..9p + i-k - k2 - k2)pg"] x 
[{ks -k + kzfgx^ + {k-k3 + k)xgP + i-k - fca)-^^^] 

X [i-k + i-l - xi)k2 + (-1 - X2)k3ygpo. + {2k + (-1 + 2a;i)fc2 + (-1 + 2x2)k3)pgl + 
i-k+i2-xi)k2 + i2-x2)k3)o.gl] 

X [i-k + (2 - xi)k2 - a;2fc3) Vp + (2/s + (-1 + 2a;i)fc2 + 2x2k3)^gp + 
i-k + (-1 - a;i)fc2 - X2k3)pg"] 

X [(-fc + (1 - xi)k2 + i2- x2)k3Ygx-, + (2fc + (-2 + 2.xi)fc2 + (-1 + 2x2)k3)xgP + 
(-/s + (1 - xi)k2 + (-1 - X2)k3)^gl] 



(C26) 



with Af|^ = —xiil — xijkl — X2{1 — X2)k1. The divergent part reads: 

d'^k 1 



p.X,d^. -ly J -1 ^2^^4 ^2^^3 
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{[-k'^g^p + 2fc,5^ ~ fepS^li-fc^ffA^ + 2fcA< - A:^<?^] x [((-1 - xi)k2 + (-1 - X2)fc3)^5Mc. 
+ ((-1 + 2xi)k2 + (-1 + 2a;2)fc3)M52 + ((2 - Xi)k2 + (2 - X2)k:i)^gl] + 
[-/c-'g^^ + 2fc^g2 - k^glW'kPg^^ + 2/ca5^ - k^g{] x 

[((2 - a;i)fc2 - X2k^)''g,p + ((-1 + 2a;i)fc2 + 2x2^3)^3;^ + ((-1 - xi)k2 - X2k^)pg'i] + 
[-k^gpa + 2k^gl ~ ko^glW-k'^g.p + 2fc,g^ - kpg-^] x [((1 - xi)fc2 + (2 - X2)k^Ygx^ 
+ ((-2 + 2a;i)fc2 + (-1 + 2a;2)fc3)A< + ((1 - xi)k2 + (-1 - X2)fc3)^5^]} 



3 rahc 



1 i-xx 

dxi / dx- 
"'0 



d^k 



(2^)4 (fc2 _ M|J3 



{{k"k^gx^ - 2k"kxg^y ~ k^k^g'^ - k^k^gx^ - 2k^k^g'^ + Ak^kxg" + k^g"g-,x) x [((-1 - xi)k2 
+ (-1 - a:2)fc3)''gM" + ((-1 + 2a;i)fc2 + (-1 + 2x2)k3)pgl + ((2 - 0:1)^2 + (2 - X2)k3)^g^^] + 
{-2kakxg^ - kakp,g{ + Akpkxgi^ + k^k^g^^x ~ k^kxgpa - 2k''kf^gax + k^gxBap) x 
[((2 - xi)k2 - X2k3)"g,p + ((-1 + 2a;i)fc2 + 2x2^3)^5^ + ((-1 " 2^1)^2 - X2k3)pg^] + 
{-k'^kpg^p + k^g'l^gyp ~ 2k''k^g^ip + Akpk^^gJ + k'^kpgp^ - 2kpkpgl - k^kpgj^) x [((1 - xi)k2 
+ (2 - a;2)fc3)''.gA7 + ((-2 + 2a;i)fc2 + (-1 + 2x2)fc3)A< + ((1 - Xi)k2 + (-1 - a:2)fc3)73A]} (C27) 
After adopting the relation Iq^^ = j9puIq , we arrive at the following result: 



^{^'^TpuyAiv 



-iCig'r'^ 



»1 i-xi 

dxi / dx2l^iMi,) X 
/o Jo 

1 2 112 4 

{(^5"75A;. ~ ^5a5^'7 - ^57A3" - ^.9"5A7 " ^5>^75a + ^5>^Ag" + 9d9ix) x [((-1 - 2:1)^2 

+ (-1 - X2)k3ygpa + ((-1 + 2a;i)fc2 + (-1 + 20:2)^3)^52 + ((2 - a;i)fc2 + (2 - X2)k:iUg^^] + 



i--;9a\9u 



1 



79f.\9a 



1 



f.9S5MA 



1 



j9^9ax + gig^p) X 



^.yu^^^p ^.y^p.y^ . ^.yp^.ya ' ^-ya-yp^ 

[((2 - xi)k2 - X2k3Tg.p + + 2xi)k2 + 2a;2fc3),.5p + ((-1 - a;i)A:2 - a;2fc3)p.g"] + 
1 2 4 12 1 

{-^g^gup + g^gup - ■^g29f^p + -^gt^i^gj + -^gjg^ny - -^g^pgZ - -^g^pgl) x [((i - xi)k2 

+ (2 - a;2)fc3)''gA7 + (("2 + 2a:i)fc2 + (-1 + 2a;2)fc3)A.9^ + ((1 - 2:1)^2 + (-1 - X2)fc3)75A]} (C28) 



Similarly, the fourth diagram (Fig.6d) is given: 



a, m 



i ki , (ji, a) 
/3,n 




+ other two permutation graphs 
cr, q 



L{M)f:x = j^gr'"''[{ki-k)0gp^ + {k + k + k^)pgo.0 + {-k~k^-k^Uf3p] ^.'^ 

x{-^g')[^T\gpxga. ~ g.pgxa) + /'^^7''"^(5.p5a. - 5p.5.a) + rT^^gpag^x ~ gpxgu.)] 

+permutation graphs 

= lig^rV'V'igpxg.u - gupgx.) + r^r^^ig.pgxa - gp^g.x) + rT^igpagux - gpxg..)] 
^[(fci - fc)-< + {k + k + k,)p9P^ + i-k -k,- fci)^gp] p(fc|fc^)2 
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^permutation graphs 

i 1 1 

-^9^Cir^''[-{gpxgav - g^pgxa) + -^{gupgxa - gpaQux) + -^{gpagvx - gpxgva)] J dxi X 

^ ' [(fci - krg' + ik + k + h)^gP- + i-k - fci - k,rg:] 



(27r)4 r(l)2 [(1 - a;i)fc2 +xiik + fci)2]2 
permutation graphs 

d^k 1 



-g^Cir^^-ig^pgxa - gpxgau) dxij — 



r)4 [{k + xiki)^ + xi{l - xi)kj]^ 
[(fci — k)"^ g^ + {k + k + fci)p(7'"^ + (— — fci — fci)''^)!] + permutation graphs 



+ (2fc + (1 - 2xi)ki)^gP" + (-fc + (-2 + 2:i)fci)''g^] + permutation graphs (C29) 
with = —2^1(1 — xi)kf. The finaUy result is simply given by 

^(6d)S» = jd'C^r'^ig.pgx, - g^xgau) dxi/o(Af|J[(l + + (1 - 2xi)fci^g^- + (-2 + xi)fcf.g;:] 

^permutation graphs (C30) 

7. four-gluon vertex renormalization 

There are five diagrams which can contribute to four-gluon vertex renormalizaion. The first one (Fig. 7a) is given 
by: 

kuiii,a) /3,f y,i k2,(v,b) 









a,e j 






oj,q 













+2 permutations 

k4,ip,d) X^P h,{A,c) 
Fig.Ta. 



i(7«)^X = / T^gr^iiki + k + k^)pg^^ + {-k - k, - k)^g^p + (k - k,U^p] ~' x 



—iS^"^g^'' 

gf ^^[(^2 + k)sgi,^ + {-k ~k + k2)vgi5 + [k ~ k2 - k2)-fg5,,]j^—j^ x 

gr""'"[{k3 -k2 + k),^gx^ + {k2-k-k + k2 + A:3)a5c^ + {k - k2 - ks - k3)^g^x]j^—^^^-^ x 

f ^'[(^4 + k + ki+ k^)^gp^ + {~k -ki-k^-k- ki)pg-^^ + (fc + fei - /i:4)xg^p] n < 1 \2 

yk -\- ki) 

+2 permutations (C31) 
its divergent part reads: 



j^gr^Hkpgpc - 2kpg^0 + k^gpp) — gT^iksg^., - 2k^g^s + ^'y9Su)jj—^ 



X 
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with 



{k-k2- kzY ' ^ "'''"^ {k + fci)2 

+2 permutations 



(27r)4 

(fc^g^g - 2k^,gl + kagl){k^g.^ - 2fc.gC + k^gi){k^gx^ ^ 2kxg^ + kc9l){k^9px - 2kpg^ + fc^gg) 

fc2(fc - kz^ik -k2- kzf{k + kif 

+2 permutations 

d^k r(4) 



/•I pxi i'X2 r 

= g^f-^ffflf-J^fdn- / dx, / dx2 / dx3 ■ 

Jo Jo Jo J 



(27r)4 r(l)4 

(fc^ff^^ - 2k^gZ + k^gl){kig,., - 2fc.gC + fc^ffC)(fcXg^^ _ 2fcAg^ + k<^gl){k''gp^ - 2kpg^ + fc^ffg) 

[(1 - Xi)fc2 + (xi - X2)(fc - + {X2 - X3){k - fca - fc3)2 + X3(A; + fci)2]4 

+2 permutations 

{k^g^c, - 2kpgZ + k^gl){k^g,^ - 2k,g< + fc^gS)(fc^gAC - 2fcAg^ + kcg^){k'^gp^ - 2/Cpffg + fc^ffg) 
{[k - {Xi - X2)k2 - {X2 - X3){k2 + fcs) + xski]^ - M^^Y 

+2 permutations 



/o 7o 7o '7 (27r)MA:2 -M2J4 

(Fg^a - 2A;,,.92: + kcgl){k'^gu^ - 2k^g'^ + k^gi){k^gxc, - 2kxg^ + k^gf){k°'gp^ - 2kpg^ + k^g^) 

+2 permutations 

fl fXl /•X2 f jAu 

Qg^ f"'"^ f^^^ f^"*^ ' ' ' " 



rl rxi pX2 r 

I dxi / dx2 / dxs 
Jo Jo Jo J 



{2nr [k^-M^^Y 

{gpi^gxpk* + gp^pgi.xk'^ + '^gupkukxk'^ + igxpk^k^k'^ + Zgp.vkpkxk'^ + Sg^xk/^kpk'^ + SAk/^k^kxkp) 

+2 permutations 

Gg^f-effbfjfcjnfdne l^^l ^^1 dx^lig^^gxp + gp.pg.x)Io{M^a) + 

Jo Jo Jo 

2,g^pIoux{M^a) + ^gxpIo^^AM^a) + ^gi^'^hpxiM^a) + ^g^^xIof.piM^a) + 34V.Ap(M2J] 

+2 permutations (C32) 



= -{Xi - X2){1 - Xi + 3:2)^2 - {X2 - X3){1 -X2+ X3){k2 + k^f - X3{1 - Xajkf. 

and we have used in the last step the identities: 

k^ = (A;2 - + m2 and k^ = {k^ - M^f + 2M2(fc2 _ M^) + M^. 

Taking the relations 

^Opv ~ -^gpvlo lo^upa = ^(ff/ii'SpCT + gppgua + 9pagvp)Io- (C33) 

the divergent part can be expressed in term of /(f : 

H7arjlt%, = 6g^rJ fnr^-f-- / dx, / dx2 / dx3[-{g^.gxp + g^.p9.x) + 

Jo Jo Jo ^ 

34 

24 {gpi'gxp + gp.xgup + gp.pgi,x)]Io{M^J + 2 permutations (C34) 
The second diagram (Fig. 7b) is given by: 
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ku{lJi,a) pj k2,{v,b) 




+ 5 permutations 



k^, (p, d) ^, m kj , {A, c) 



Fig.7b. 



^grf[(k, + k)0g,^ + {-k--k + k,),g^p + {k-k,- k,Up,] J 



f''^ f^^ig-ii^gsx ~ g-ixgsu)]— + 5 permutations 



gf ""[(^4 + k + ki)ngpx + {-k - k^ - k)pg^r) + [k - ki)^grjp\-^^ ^ ^^^^ 

{-i)g^[f''f''{g',xg.s ~ g-,8g.x) + f'f'\g-,8gx. - g^.gxs) + 

'i5'fg'<'^ 
'{k^hY 

= g^J (^/"'^[(^i + ^)/35Ma + i-k -k + k^)^g^p + {k-ki- fci)a5/3M]/'*"1(fc4 + k + k^ fg^^ + 
i-k - fc4 - fc)p5^ + (fc - k,)^g'^p][ff''f'-"^{g^,gi - />^g„,) + ff^f^'^g^^gxu - gUl) + 
f'-'f'^g^.gl - gfg.")] p(fe^ J2(fc_fc^)2 + 5 permutat^ons (C35) 
its divergent part reads: 

Li7b);%.^,,, ^ g*l ^r^ff-^'^ifffcm^gPgX _ gPxg^^^ + ff^f-^'ig^'^gx. - gtgl) + ff'^f'igtgl - .gf .g?)] 

- 2/c^5a/3 + ^05/3^] [fc"5px ~ 2A:p5^ + fc^ffp] ^^^^ _^ kif{k - fci)^ ^ ^ permutations 

' '■"^ , , r(3) [kpg^^o, - 2fc^g„^ + fc„g^^] [fc^g^^ - 2fcpg; + fc^gg] 

dxidx2 , , , , , , -jT:; rrr^ -, 77-; t—t:^ jf^ — . + 5 permutations 



'0 7o r(i)r(i)r(i) [{i - x^)k^ + {x^ ~ X2){k + k^f + X2{k ~ k^YY 

= ^^'/ (04 r^^/'^l/'^'/'^-Cfffs? - /^5.a) + /'^^/'""(/^gA. - g^.gl) + /'-^"/'"^(s^s^ - 5^5?)] 

n"^' , , k'^gpt^gpx - kpkf^gp^ - 2kf3kpgf,^ + Akf^kpgp^ + kpk^g^^p - 2k^ky^gpp - kpk^g^p 
^ ^^^^^^ ^^^mP + 

+5 permutations (C36) 
with M^b — [xi — X2){xi ~ X2 — 1)^1 + X2{x2 — Taking the relation Iq^^, = jg^^^I^^ we finaUy yield: 

L{n)t'x^:ar. = 2g*rff^V'^'f^^{g^,gi - g^^g.x) + f^'f"''{g''''gx. - g'^gl) + ff'^^f'^g^gl - gig^ 

12 4 12 1 

io io '^^'^'^^'^^^'^^'^p^ ~ i^Pt^gpx - igppgp^x + ^gt^pg^x + ^3/3x5mp - ^g^xg^p - ■^gpxgpp)io{M7b) 

+5 permutations {C37) 
The third diagram (Fig. 7c) is evaluated to be: 
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+ 2 permutations 




Fig.Tc. 

x(-*)5'[/^"''/^™(37A5.^ - g^sg.x) + f^"''f^"\gysgx. - g^.gxs) + f^^'^^f^'^ig^ugsx - g^xgs.)] 



,2 permutations 

1 ^ f d^k 



fc2 {k + ki+ kif 



[r'r^g.pgcp - g.pgcp) + .n r^^gppgpc. - gpc^g^p) + r'T'igpcgpp - gppgpc)] 



2 y (27r)i 

X [/^'"/^^^(saS^ - 5"''^?.A) + f^'^f^^'ig'^'gx. - g^gi) + f^^' f^'\g:gi - 9tg'.)] ,^2^^ + k, + k,)^ 

+2 permutations 

Ig'ir^r'igppgcp - g^,5a/3) + /^'^V^*(5;.p5/?o - g^agpp) + rT'igp.gpp - gppgpo.)] 
Af^'^ff^'igxgt " s^^s.a) + /^'^/^^"(g^'^SA. - s.^sf) + - g^gt)] 

1 f d'^k r[2] 1 
'^"V (^TW (fc^-M|J2 + ' perm^taizon. (C38) 

with Myc = xi{xi — l){ki + A:4)2. The divergent part is: 

i(7c)X'?rf™ = Ig'm'r'igp^gcp - g^pg^p) + r'Kgppgp^ - gpcgpp) + r^nig^^gp^ - g^pgpcd] x 
[f^^'f^^'iglgt - g'^^g.x) + f^^'f^^'ig'^^gx. - .g^gf ) + /^^V^'^ls.^gf - .9?5^)] 

/ dxiIo{Mjc) + 2 permutations (C39) 
Jo 

The fourth diagram (Fig.7d) is given by: 

ki,(fi,a) f i k2,{v,b) 
^-Q^p^ -, -f7n51|513^ 

e ' ^ ' i 

I I ■' 

I t +5 permutations 

q \ \ m 

.-g^%75^ ^ -i7nn?0T5^ 

k/i,(p,d) P n ki,{A,c) 

Fig.7d. 

J^(-9)r^'k,^{^g)f^\k + k,),j^^-^{-g)n^{k + k, + k,), 

y^{-g)f'^^{k-k,),- 



{k + k^ + k^y ' ' '"{k-k^f 
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_ 4 raie rbmi rcpm rdep f fc^(fc + k2)u{k + fc2 + kz)\{k — fci)p 

^ ^ ^ ■' 7 (2^)4 P(fc + fc2)2(fc + fc2+fc3)2(fc-fci)2 



(C40) 



so the divergent part is: 



r / y j\abcd 4 raie fbmi rcpm rdep 

^{'"■Jni^Xpidiv ~ ~9 J J J J 



d^k 



kn kn k\ kp 



+ bpermutations 
kpk,jkxkp 



(27r)4 fc2(fc + k2Y{k + k2 + k3)^{k - A:i)2 

= ^a4:faiefbmircpmrdep f , f i f i f d k £[4] 

^ ^ ^ Jo 'Jo 'Jo ^"^V (2^)4r[i]r[i]r[i]r[i](P-M|,)4 

+5permutations 

= -6g^f-^-frmfcpmjdep ^^1 ^^1 dxsIo^^xpiM^d) + ^ Permutations (C41) 



where Mfd — {xi — X2){xi — X2 — l)fc| + (x2 — X3){x2 — x^ ~ l)(fc2 + fca)^ + X3{x3 — l)kl. Using the relation 



1 



(C42) 



the divergent part becomes: 



L(7d) 



ahcdB. 



1 



J puXp;div ^ 

+5 permutations 
The last diagram (Fig.7e) is evaluated to be 

fcl,(jU,fl) 



g^r^'^fr-^f-P^f-P^g^^g^^+g^^g^^+g^^g^^) dxj dx2 dx^I§{M^^) 



(C43) 




k2,{v,b) 



+5 permutations 



Fig.Ze. 

+5 permutations 



f d^k tr[-fp{^-Ijf.i + m)jp{lji + 1^2 + h + mhxil^ + ljt2+m)'y^{^ + m)] 



(27r)4 [(fc - fc4)2 - m2][(fc + ^2 + fc3)2 - m2][(fc + fc2)2 - m2][fc2 „ ^2] 
+5 permutations (C44) 

the divergent part reads: 

rf4fc tr{-fplf:-ip}^-ix}j:.-fi,}f.) 



L{7e);X■,d^. = -g^TriT'^T'^T^T^) J ■ 



(27r)4 [(fc - fc4)2 - to2][(/c + /c2 + ^3)2 - m^][{k + fc2)2 - m2] [fe2 _ m2] 
+5 permutations 

d^k r[4] tr{-f^li-fp}^-fxM) 



fTr{T''T'^T''T'') / da;i / da;2 / dx3 / 
Jo Jo Jo J 



(2^)4r[i]r[i]r[i]r[i] (fc2-Af2j4 



+5 permutations 



-24.g4Tr(r'^T''T=r'') / dxi / dx2 / dx^ — 
Jo Jo Jo J (27r 



d'^k 1 

4(fc2-M2j4 

^{9pi'9Xp^ ~ 9pX9vpk ^ 9pp9v\k ~ 2g^,^k\kpk ~ 2gi,\kpk^k —2g\pkpkjjk 

~2gpi^kyk\k^ + %kpki/k\kp) + ^permutations (C45) 
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where M^e — + {xi — x-)){xi — X2 — 1)^1 + {x2 — Xj){x2 — X3 — l)(fc2 + ^3)^ + x^(x^ — l)fc|. Using the relation 
jR - I, 



I^i^u = \9t^yIo^ we finally obtain: 



i(7e)X^d» = -85*Tr(T''T'^r^r'')(g^,5Ap-2g^A5.p + 5pp5.A) / dx, / dx2 / dx3/o^(M7e) + 

Jo Jo Jo 

5 permutations (C46) 
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